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Theory of Two-Dimensional
Turbulent Wakes

S. C. LEE* AND J. E. AuiLERf
University of Missouri, Rolla, Mo.

Nomenclature
ai = constant in relation between turbulent shear and tur-

bulent kinetic energy
a2 = constant in turbulent kinetic energy dissipation rela-

tion
d = diameter of cylinder
Dk = turbulent kinetic energy dissipation
k = turbulent kinetic energy
I*, = mixing length for turbulent kinetic energy
R = radius of cylinder
UjV = mean velocity components
Uo = freestream velocity
u',v',wf = fluctuating turbulent velocity components
x,y = independent coordinates
e = eddy viscosity
p = density
o-k = turbulent kinetic energy quantity analogous to

Prandtl number for total mean flow energy
0o = momentum thickness at trailing edge of flat plate
T = turbulent shear stress
v = kinematic viscosity
( } = indicates time average of quantity

Introduction

STUDIES of the characteristics of turbulent wakes are con-
sidered necessary in order to more fully understand the

hydrodynamic effect on the collision coalescence mechanism
between freely falling droplets in atmospheric clouds. The
collision coalescence mechanism is one of the prominent pro-
cesses by which precipitation elements are formed from cloud
droplets. However, no experimental results are available for
axisymmetric turbulent wakes for the purpose of developing
the analytical method. As the first step in extending the
analytical solution to the case of axisymmetric wakes, the
analytical method is compared with available experimental
results for two dimensional wakes.

Analysis
The consideration of turbulence energy in free mixing

studies was conducted by Lee and Harsha.1 Application of
this method in two-dimensional turbulent wakes may be out-
lined as follows:

Continuity
(bpu/bx) + (bpv/by) = 0 (D

where p is the density, and u and v are the mean velocity com-
ponents in the x and y directions, respectively.

Momentum
pu(bu/bx) + pv(bu/by) = (b/by) [e(bu/by) ] (2)

where e is the so-called eddy viscosity and is defined as

e = r/(bu/by) = -((pvyu')/(bu/by) (3)

with the primes denoting the fluctuating quantities and the
symbol ( } denoting time average value.
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Fig. 1. Comparison between analytical models and ex-
perimental data, a) Correlation between local turbulent
shear stress and local turbulent kinetic energy [Eq. (6)1.
b) Comparison between Eq. (6a) and experimental data
near the axis of symmetry, c) Correlation of parameters
associated with diffusion of turbulent kinetic energy
[Eq. (7)]. d) Correlation between dissipation of turbulent
kinetic energy and local turbulent kinetic energy [Eq. (8)].

1 urbulent kinetic energy
bkpu — + pv — = — —bx

bk d f e dAfl /d*Y n ^pv — = — — — + e ( — 1 - Dk (4)by by [_ak by J \by )
where k is the turbulent kinetic energy and is defined as

k = ^{(ut(i) + <*/2> + (w">)} (5)

The relation between the local turbulent kinetic energy and
the local turbulent shear stress has been assumed as

= aipk(bu/by)/\bu/by\ (6)

where ai is a proportionality constant, and the velocity gradi-
ent ratio designates that the shear stress has the same sign as
the local velocity gradient. Correlation of Chevray and
Kovasznay's2 experiments on wakes behind a flat plate and
TownsendV and Kobashi's4 experiments on wakes behind
cylinders indicated that ai = 0.3 for most of the mixing
region, as shown in Fig. la. Along the axis of symmetry the
shear stress reduces to zero while the turbulent kinetic energy
remains nonzero. An approximation for ai in the vicinity
of the axis of symmetry was used by Lee and Harsha1 as

where \bu/by\ma^ is the maximum velocity gradient at the de-
sired x location. Fig. Ib indicates the approximation as com-
pared with Chevray and Kovasznay's2 experiment. { Table 1
explains the symbols used in all figures.

The exchange coefficient for the diffusion term of the tur-

t Note that the ordinate of Figs. 1 and 2 of Ref. 2 should be
multiplied by 10 ~2, an obvious oversight.
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Fig. 2. Shear and mean velocity distributions in the wake
of a flat plate.

bulent kinetic energy Jk may be expressed as

e/cr* = = -((pv)'k)/(c)k/<>y) (7)

with ak analogous to the turbulent Prandtl number, as de-
scribed by Patankar and Spalding.5 Correlation of Town-
send's6 and Kobashi's4 experiments on energy diffusion is
shown in Fig. Ic in comparison with the value of ak = 0.7
used in this study.

No dissipation measurements are available in nonisotropic
turbulence. The isotropic turbulence data presented by
Townsend6 and Kobashi4 were compared with the dissipation
model as suggested by Patankar and Spalding5 and used by
Lee and Harsha,1

Dk = (8)
where #2 is a proportionality constant and lk is the half width
of the mixing region. A comparison between the numerical
value of a2 =1.5 used in this analysis and the isotropic tur-
bulence measurements is shown in Fig. Id.

The detailed analytical procedure used in this study for ob-
taining numerical solutions was discussed by Lee and Harsha1

and by Spalding and Patankar.7 The resulting shear and

Table 1 Explanation of figures

Geometry

Flat plate
Flat plate
Flat plate
Flat plate
Cylinder
Cylinder
Cylinder
Cylinder
Cylinder
Cylinder

Location

X/Oo
x/90
X/0Q

x/eQ
x/d
x/d
x/d
x/d
x/d
x/d

= 8.6
= 34.4
= 258
= 414
= 42
= 80
= 120
= 160
= 180
= 725

Symbols
representing
experimental

data
(Reference)

D (Ref. 2)
A (Ref. 2)
0 (Ref. 2)
o (Ref. 2)
• (Ref. 4)
A (Ref. 4)
T (Ref. 6)
+ (Ref. 6)
V (Ref. 3)
0 (Ref. 3)

For Fig. Ib only
Eq - -

ai = 0.3

-

Remark:

. (6a)
d u l / d
by\l ^
—

-- —

u
y max

experimen-
tal data in Fig. Ib
represents a\ -
Pk

= T/

Cylinder (Ref . )

Fig. 3. Shear and mean velocity distributions in the wake
of a cylinder.

mean velocity profiles were compared with the experiments
for two dimensional turbulent wakes performed by Chevray
and Kovasznay2 and Townsend.3

Results and Discussion

Figure 2 shows the comparison between the present ana-
lytical solution and Chevray and Kovasznay's2 experimental
results for turbulent wakes behind a flat plate. The mean
velocity is nondimensionalized by the freestream velocity Uo,
and the distance normal to the freestream velocity is non-
dimensionalized by the momentum thickness at the trailing
edge of the flat plate 00. Very good agreement was reached
for mean velocity distributions for all locations in the x direc-
tion. The test data presented represent measured results on
one side of the wake since the wake is symmetric. The shear
stress distributions were compared with the experimental re-
sults of both sides of the symmetric wake in order to consider
possible data scattering. It is noted that the analytical solu-
tion over predicted the maximum shear at x — 34.4 60, and
under predicted the maximum shear at x =. 258 00- Never-
theless, the agreement can be considered satisfactory for most
engineering applications.

Figure 3 shows the comparison between the present
analytical solution and TownsendV experimental results for
the far wake region downstream of a circular cylinder. The
nondimensionalized velocity as used by Townsend is based on
the difference between the freestream and the mean wake
velocities. The nondimensionalized distance normal to the
flow direction is based on the radius of the cylinder while the
nondimensionalized distance in the flow direction is based on
the diameter of the cylinder. The test data presented for
both mean velocity and shear represent measured results on
one side of the wake. The agreement again appears to be
very good for both mean velocity and shear stress distribu-
tions.

Based on Fig. 1, the numerical values used for coefficients
ai, ak and a2 seem to be questionable. In order to evaluate
the effect of these coefficients on mean velocity and shear
stress distributions, a parametric study was made using vari-
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ous combinations of a\, <Tk and a2, allowing a\ to vary from
0.2 to 0.3, ak from 0.4 to 0.7 and a2 from 1.0 to 2.4. The re-
sults indicated that the centerline mean velocity changed by
less than 10% and the maximum shear changed by approxi-
mately 30%.

Conclusion

The use of the turbulent kinetic energy equation reduces
the uncertainty introduced by the phenomenological model of
eddy viscosity. The coefficients of a\ = 0.3, ak = 0.7 and a2
= 1.5 provide reasonable predictions for most of the studied
engineering problems. However, detailed turbulence mea-
surements are very much needed if the turbulence energy
approach can be of any significance in contributing to the
basic understanding of the turbulence phenomenon.
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Relative Motion of Two Particles
in Elliptic Orbits

E. R. LANCASTER*
NASA Goddard Space Flight Center, Greenbelt, Md.

r
v
E
a
k*
r -v

Nomenclature

position vector at time t, r = r|
velocity vector at time t, v = v|
eccentric anomaly at time t
semimajor axis, b = I/a, c = a1/2

H = gravitational constant
scalar product of r and v

OVER the past decade a number of papers1"6 have pre-
sented approximate solutions to the problem of the rela-

tive motion of two particles in elliptic orbits in an inverse-
square central force field. These papers have assumed
that the relative position and velocity vectors are quite
small compared to the position and velocity vectors of the
particles, and several have further assumed one of the par-
ticles to be in a circular1-2 or nearly circular3'4 orbit. We
derive below an exact solution to this problem, subject to no
restrictions. The results have applications to problems of
rendezvous, nonlinear error analysis, station keeping, target-
ing, surveillance, and satellite clustering.

Solution

Kepler's equation for elliptic motion and the updating
equations for position and velocity can be written in the form7

T = C + A(l - cosC) - B sinC (1)

r = [1 - H(l - cosC)]r0 + [D(l - cosC) + N sinC]v0 (2)

v = -(p sin(7)ro + [1 - S(l - cosC)]v0 (3)

where

A = ro-v0/(A;c), B = 1 - r0b, T = ktb/c

H = a /r0) D = a(r0-v0)/M, N = r0c/k
P = kc/(rrQ), S = a/r, C = E - EQ

and a zero subscript indicates the value at time 0.
Let subscript 1 on a symbol designate the value of that sym-

bol for particle 1 in orbit 1 and subscript 2 the value for par-
ticle 2 in orbit 2. We define

y = C2 - Ci, e = r2 - ri, * = v2 - vi, T = T2 - Tl

a = A2 — AI

/3 = B2 - Bi, T? = H2 - Hi, d = D2 - Di, v = N 3 - Ni
p = P2 — PI, a — 82 — Si

If we place a subscript 1 on all symbols in Eqs. (1-3) and
subtract the resulting equations from the set with subscripts 2
on all symbols, we obtain

T' = 7 + A'(l - COST) - B' sm7 (4)

(D,F + NiG)lo - (H2Q + rjF)r20 +
(D2Q + dF + N2R + vG)vv> (5)

(6)

(7)

(8)

(9)

(10)

(P2R + PG)r2Q - (S2Q
where we have defined

p = I - cosCi, G = sinCi

T' = T + PG - aF
A' = At cosCi + B2 sinCi

B' = Bi cosCi - A2 sinCi
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Q = cosCi(l — • cosy) + sin(7i sin7 (11)

R = cosCi sin7 — sin(7i(l — COSY) (12)

To obtain equations for a, /5, T, rj, d, v, p, and a which do
not suffer a loss of significant digits due to the subtraction of
nearly equal numbers, we proceed as follows:

kcA = r0-v0

k(c2A2 — ciAi) = r20-v2o — TIO-VIO
k[c2(A2 — AI) + Ai(c2 — d)] = r2o-v20 — ri0-Vi0

The last equation can be solved for a. Equations for the
other quantities can be obtained in a similar manner. The
full set follows:

kc2a = r20-v2o - rio-Vw - kAifa - d) (13)

j8 = ri0(6i - 62) - 62(7-20 - no) (14)

c2r = -ktfa - b2) - Ti(cz - ci) (15)

nor] = 02 — ai — #2(r2o - no) (16)

/x5 - a2(r20-v20 — rio-vio) + (a2 — ai)ri0-Vi0 (17)

kv = C2(r20 - no) -1- nofe - ci) (18)

= k(c2 - ci) - P2[r2(r20 - rw) + rw(r2 - n)] (19)


